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Abstract

Continuous-time macroeconomic literature has grown remarkably in recent years.
As work on continuous-time models becomes more prevalent, macroeconomists need
to adapt essential discrete-time methods to continuous-time. In this work, we focus
on modifying adapting learning techniques to continuous-time settings to provide a
continuous-time alternative to rational expectations. Examining the adaptive learning
toolkit in continuous-time proves difficult since continuous-time value function prob-
lems are traditionally solved backward from the end of time. Thus as a first step
in developing adaptive learning dynamics in continuous-time, we apply shadow-price
learning (SP-learning) techniques, wherein agents learn to forecast future states and
shadow prices. The SP-learning environment allows for continuous-time learning since
agents are learning to make optimal decisions at the system’s steady-state, therefore
our setting does not run into time dependency issues. To use this framework efficiently,
we first need a tractable continuous-time linear-quadratic (LQ) environment to study
how the agent’s forecast of future states and choices their outcomes and observations.
Hence, our contributions are two-fold we build a continuous-time LQ framework for
solving value function problems using iterative methods and implement adaptive learn-
ing techniques in this new setting.
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1 Introduction

The macroeconomics toolkit has significantly expanded in recent years due to increased access

to computational power and interdisciplinary research. One promising modeling framework

emerging from this development is stochastic continuous-time modeling. Continuous-time

models have existed in economics literature for over thirty years, becoming popular during

the period Black and Scholes (1973) was first published. During this time economists pub-

lished papers using the continuous-time framework including, Brock and Mirman (1972),

Merton (1969, 1975), and Mirrlees (1971). However, many of these works could only exam-

ine specific aspects of models, such as the steady-state distribution of key parameters, as

economists did not have techniques for solving the systems of partial differential equations

that represent most continuous-time models. Now, with methods drawn from the field of

applied mathematics, it has become feasible to solve more continuous-time macroeconomic

models.

Continuous-time macroeconomic models have become increasingly popular for two dis-

tinct reasons. First, the field of finance has long favored continuous-time modeling, thus

building macroeconomic models in continuous-time allows economists to include financial

frictions as in Brunnermeier and Sannikov (2014). Second, as we previously mentioned, solu-

tions to many macroeconomic models can now be easily found—because of better computers

and new solution methods—and these solutions often include detailed distributional infor-

mation. Several works that take advantage of this property are Ahn et al. (2018), Achdou

et al. (2020), Kaplan et al. (2018) and Gabaix et al. (2016). As this class of models becomes

popular, economists must redevelop traditional macroeconomic modeling techniques to cre-

ate richer models in this continuous-time framework. This paper modifies adaptive learning

techniques for use with continuous-time economies.

Currently, the continuous-time macroeconomic literature consists primarily of models

that depend on rational expectations. Rational expectations is a standard modeling tech-

nique where agents within economics are assumed to understand theoretical models correctly—
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the agents know the value of all parameters in the model and understand the distribution

of any unobserved processes. It is improbable that individuals in the real world have this

level of knowledge about the economy. However, individuals can likely perceive the world

around them and gradually adjust their expectations based on their observations—adaptive

learning takes this approach.

Allowing for adaptive learning, as opposed to rational expectations, in macroeconomic

models avoids allowing agents to have unrealistic amounts of information about the system

by instead allowing them to gather information on the economy over time slowly. This

technique was developed initially in Bray (1982) and been further refined in more recent

work Evans and Honkapohja (2001). Adaptive learning is an attractive modeling tool since

rational expectations often make to many strict assumptions about agents’ knowledge of

parameter values and the distribution of parameters.

Additionally, adaptive learning models often converge to a rational expectations equilib-

rium over time; however, if a model has two rational expectations equilibria, an adaptive

learning model may only converge to one—the equilibria learned by these agents would then

be stable under adaptive learning whereas the other equilibria would not. Therefore adap-

tive learning techniques are beneficial when economists want to examine the stability or

particular outcomes.

Despite this, rational expectations is a standard model assumption and the emerging

continuous-time literature centers on rational expectations models—some continuous-time

asset pricing models use Bayesian methods, for instance, Hansen and Sargent (2019a) and

Hansen and Sargent (2019b). However, these methods require agents’ to have prior belief

over the distribution of parameters another strong assumption. We instead concentrate

on an adaptive learning technique called shadow-price learning, or SP-learning, outlined in

Evans and McGough (2018). Under SP-learning agents view their optimization problem as

a two-period problem.

During the first period (today), they use a forecast of their shadow-price to form the best
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possible choices for today, given those choices’ impacts on tomorrow (the second period).

Hence this learning mechanism focuses on an agent’s ability to generate optimal forecasts

and the agent’s ability to make optimal decisions with the forecasted information, an issue

discussed in (Marimon and Sunder, 1993, 1994; Hommes, 2011). In continuous-time, this

problem is very similar; however, instead of having today and tomorrow, the agents examine

the trade-off between choices using the change in parameters over time—in other words—

the continuous-time version of SP-learning examines derivatives of variables with respect to

time.

We develop a tractable setting for SP-learning by building a continuous-time linear-

quadratic (LQ) framework. The LQ environment aids the study of adaptive learning tech-

niques due to the linearity of first-order conditions, generality, and certainty equivalence in

this framework. In economics, the LQ framework is useful for approximations of complex

economies since these models can contain lots of information. There is wide-ranging litera-

ture on discrete-time economic optimal linear regulator problems that includes several works

on optimal policies such as Benigno and Woodford (2004) and Benigno and Woodford (2006),

as well as a wealth of papers on techniques and developing the LQ framework in economics,

Kendrick (2005), Amman and Kendrick (1999), and Benigno and Woodford (2012). Because

of the richness of this framework and the sparse usage of continuous-time LQ problems in

economics, further exploration of this technique is necessary.

Although continuous-time LQ problems are not common in economics, some economists

have examined this type of modeling framework. Hansen and Sargent (1991) develops a

framework for continuous-time LQ problems. Several chapters of this book examine various

models and the identification of parameters in this setting. The LQ framework we build in

this paper differs from Hansen and Sargent (1991), as it does not use solution methods based

on the Lagrangian. Instead, we take a value function approach. Value function methods are

conventional in the discrete-time economics literature, and many continuous-time problems

in other fields feature similar solution methods.
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We build this framework by outlining a basic discrete LQ problem and then describing

a similar continuous-time problem, using a value function approach for both settings. We

work through both types of problems, so those familiar with only the discrete case can more

easily see the parallels between these two settings. After setting up the LQ problems, we

look at solution methods for the resulting algebraic Riccati equations (AREs). Though there

are many methods for solving AREs, we concentrate on iterative Newtonian methods, as in

Kleinman (1968), as this method better complements the adaptive learning environment in

later sections. Also, discrete-time LQ systems commonly use iterative methods (Hansen and

Sargent, 2013).

After developing a continuous-time LQ framework, we can then examine continuous-

time adaptive learning rules. Before reworking discrete-time adaptive learning rules into

continuous-time rules, we need to consider several important items. First, does an agent have

“continuous” observations of continuous variables, or do they have discrete observations? If

these observations are discrete, are they taken at specific points in time or over intervals,

and does the spacing of these points or intervals matter?

We take a simplified approach, drawing from empirical economics and finance litera-

ture. Bergstrom (1993), a general survey of continuous-time econometric methods, highlights

that continuous-time systems can be measured accurately with exact discrete-time equiva-

lents that take time-interval lengths into account, a conclusion initially drawn from Phillips

(1959) and discussed further in Bergstrom (1984). In finance, Kellerhals (2001) uses discrete-

time data to measure continuous-time financial systems while carefully implementing exact

discrete-time models as in the economics literature. Additional work on this topic includes

Aı̈t-Sahalia (2010), which examines the maximum likelihood estimation of continuous model

parameters using discrete data points. All of these works find that it is possible to measure

continuous-time systems with discrete data.

When using learning algorithms to forecast an agent’s perception of the model, we

implement the exact discrete-time method since—despite the model parameters evolving
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continuously—as it is most likely that agents observe the data discretely but at fine inter-

vals. The agents observe data as it becomes available, and they observe all data points.

Concentrating on this approach for the agent’s sampling of the data allows for more direct

tie-ins with typical discrete learning methods. Extensions to this work may include obser-

vation intervals that vary from the data generating process’s time intervals and data that

arrive at random intervals.

The contributions of this work are two-fold. First, to create a modeling framework in

which we can develop adaptive learning techniques, we construct a novel continuous-time

LQ framework. We outline this framework and discuss it in detail in sections 2 and 3.

Continuous-time optimal linear regulator problems similar to those outlined in this paper do

exist in other disciplines; however, problems outside of economics do not usually include key

features such as stochasticity and discounting. Second, we use this new LQ framework to

develop continuous-time shadow-price learning in section 4. Also, we demonstrate parallels

between the discrete and continuous models and derive a continuous-time version of recursive

least squares (RLS). The bulk of this is done in section 2.2 and section 4.

The paper precedes as follows. Section 2 builds a simple LQ problem without interaction

terms or stochasticity. This section also examines iterative solution methods with a univari-

ate test case and convergence of the discrete test case to the continuous one under small time

increments. Section 3 studies a more complicated univariate model with stochasticity as well

as this model’s solutions, the convergence results with the equivalent discrete-time model.

Preliminary results for a simple learning algorithm and the convergence of a discrete-time

learning rule to the continuous solution are discussed in section 4. We evaluate a simple

economic model in section 5; the model used is a simple Robin Crusoe economy as in Evans

and McGough (2018). Section 6 concludes.
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2 The Optimal Linear Regulator Problem

Before examining a continuous-time LQ problem, we start with a review of a generic de-

terministic discrete case and focus on defining recursive solutions for this class of problems.

In the LQ framework, we examine a value function problem where our objective function is

quadratic with respect to our state and choice variables. The state variables are commonly

denoted as xt, here xt takes the form of an (n× 1) vector and contains variables that evolve

based on past states and past choices. In an economic setting xt might include variables like

capital or productivity. Our choice variables, ut, are represented by an (m×1) vector. These

choice variables reflect decisions made by our agent and they can impact future states. A

deterministic linear-quadratic problem can be expressed according to the following equations

(Ljungqvist and Sargent, 2012),

V (x0) = max
u
− E

∞∑
t=0

βt{x′tRxt + u′tQut} (1)

where xt evolves according to

xt+1 = Axt +But. (2)

Here A and R are (n× n) matrices that summarize how xt influences future states and our

objective function, respectively. For our purposes, xt always includes a constant; however,

the constant is not necessary (Hansen and Sargent, 2013). Similarly, B and Q are (m×m)

matrices that summarize how ut influences future states and the objective function. Using

equations (1) and (2), we can write the Bellman system as,

V (xt) = max
u
{−x′tRxt − u′tQut + βEV (xt+1)}. (3)

To solve the Bellman in the LQ framework we use a guess-and-verify approach, positing

that V (xt) = −x′tPxt, where P is a positive semi-definite matrix (Hansen and Sargent,

2013). Based on the initial posit of the value function’s form and the evolution of that
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state variables we can measure expected future values as, EV (xt+1) = −E(x′t+1Pxt+1) =

−(Axt + But)
′P (Axt + But). Substituting these expressions for V (xt) and V (xt+1) into (3)

yields,

− x′Px = max
u
{−x′Rx− u′Qu− β(Ax+Bu)′P (Ax+Bu)}.

To create a recursive solution for this system we need to further simplify this expression by

eliminating u and x. If we look at the first order condition with respect to u, we get an

equation that allows us to expresses choices, u, based solely on model parameters and our

states, x.

u = −β(Q+ βB′PB)−1(B′PA)x = −Fx

using this expression for u, often called a policy function, we can now eliminate u and x from

equation (3) and write a recursive solution for P using our Riccati equation

Pj+1 = R + βA′PjA− β2A′PjB(Q+ βB′PjB)−1B′PjA (4)

where j denotes the iterations. By implementing this recursive solution method, not only

can we find the solution to the discrete-time ARE, but we can start understanding how an

agent might update an initial estimate of the value function. Equation (4) provides a solution

for our value function problem only when certain conditions are met, in this paper we focus

on the stability conditions for the continuous-time case; for a treatment of the discrete-time

case see Hansen and Sargent (2013), Lewis (1986), or Anderson and Moore (2007).

2.1 The Continuous-Time Optimal Linear Regulator

The continuous-time version of this problem is solved with a similar approach. We now

examine the continuous-time optimal linear regulator problem using a system similar to—

but not the same as—the one in the previous section. The vectors xt and ut maintain

the same dimensions and continue to represent our state and control variables, respectively.
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Matrices B, R, and Q also remain the same as before. The matrix A is altered; it maintains

its (n) dimensions but not contains different values since we now measure the evolution of our

state variables in changes in levels. We assume that A is symmetric to simplify arithmetic

for this problem.1 In the continuous-time setting, the maximization problem is written as

follows,

V (x0) = max
u
− E

∫ ∞
t=0

e−ρt{x′tRxt + u′tQut}dt (5)

where xt evolves according to,

dxt = Axtdt+Butdt (6)

here our discount factor takes the form of an exponential, e−ρt. Equation (6) is a standard

expression of a continuous-time deterministic process, in continuous-time the levels of vari-

ables over time do not summarize their evolution—instead the changes in a variable describe

how it grows over time Dixit (1992).

The continuous value function problem takes a distinct form called the Hamilton-Jacobi-

Bellman (HJB). HJBs differ from discrete-time Bellman problems in how they apply dis-

counting and handle expectations; however, they are still closely related to Bellman sys-

tems. To demonstrate the close connection between discrete-time and continuous-time value

function problems, we show how to derive the HJB from a Bellman equation. First, we

write down our problem discretely using the power series expansion of e−ρ∆, (1 − ρ∆), as

a representation of our discount over a period of time (Dixit, 1992). Here ∆ represent the

increments of the time periods.

V (xt) = max
u
{−x′tRxt∆− u′tQut∆ + (1− ρ∆)E[V (xt+∆)]}.

Expectations in this setting are found by applying Itô’s lemma, i.e. by measuring the ex-

pected change in the value function Vx(x) weighted by the expected in change in x. Thus, as

∆→ 0 our expectational term E[V (xt+∆)] = Vx(x). After simplifying the system and taking

1For a version of this problem that does not assume A is symmetric, please see the appendix.
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the limit as ∆→ 0, the HJB becomes

ρV (x) = max
u

(
− x′Rx− u′Qu+ Vx(x)

dxt
dt

)
(7)

Now applying the same guess-and-verify approach as before, we posit that V (x) = −x′Px.

Using this value function we can rewrite the HJB in (7),

−ρx′Px = max
u

(
− x′Rx− u′Qu− 2x′P

dxt
dt

)
= max

u
{−x′Rx− u′Qu− 2x′P (Ax+Bu)} (8)

Again, we our goal is to create a recursive iterative solution method for finding P . Therefore,

we need to eliminate u and x from the system. This is accomplished by taking the first order

condition with respect to u,

u = −Q−1B′Px = −F̃ x. (9)

This equation is our policy function for u in the continuous-time system. Note that the

policy for u is not the same as the discrete case policy. We should expect the policies for

the discrete and continuous-time cases to differ, since expectations2 and discounting between

discrete and continuous-time varies.

Utilizing our policy function we remove u and then x from the HJB equation giving us

our Riccati equation,

R + 2PA− PBQ−1B′P − ρP = 0. (10)

Getting the continuous-time system into a final recursive form can be done with two different

methods. Both methods begin with the Lyapunov equation for our optimal linear regulator

problem,

2Ã′iPi = −(R + F̃ ′iQ
−1F̃i).

2In discrete-time, E[V (xt+1] = E(xt+1Pxt+1) = (Axt + But)P (Axt + But). While in continuous-time
expectations depend on Itô’s lemma, E[V (xt+∆)] = Vx(x)dxt

dt = 2x′P (Ax+Bu).
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Here, Ãi = A− 1
2
Iρ−BF̃i, F̃i = Q−1B′Pi−1, and i indexes each iteration. The first method

we explore involves subtracting, 2Ã′iPi−1 from both sides giving us,

2Ã′i(Pi − Pi−1) = −2Ã′iPi−1 − F̃ ′iQ−1F̃i +R. (11)

We can then rewrite this as,

Pi = Pi−1 − (2Ã′i)
−1(2Ã′iPi−1 − F̃ ′iQ−1F̃i +R) (12)

the main benefit of this method is that it clearly demonstrates how past values Pi−1 are

altered over recursions. Alternatively we can use the second method which is more easily

mathematically derived,

Pi = −(2Ã′i)
−1(F̃ ′iQ

−1F̃i +R). (13)

With these recursive algorithms we can now solve the individual’s value function problem.

These algorithms also provide insight into how an initial posit of the value function matrix

P is updated over time, this system of revising estimates of P will be crucial to the learning

dynamics we introduce in later sections. To ensure solutions to (12) and (13) are asymptot-

ically stable and exist, several conditions must be met (Lewis, 1986; Anderson and Moore,

2007; Evans and McGough, 2018).

LQ.1 The matrix R is symmetric positive semi-definite and thus can be decomposed in

R = DD′ by rank-decomposition, and the matrix Q is symmetric positive definite.

LQ.2 The matrix pair (A,B) is stabilizable—there exists a matrix F̃ such that A − BF̃ is

stable, meaning the eigenvalues of A−BF̃ have modulus less than one.

LQ.3 The pair (A,D) is detectable—if y is a non-zero eigenvector of A associated with eigen-

vector µ then D′y = 0 only if |µ| < 0. Detectability implies that the feedback control

will plausibly stabilize any unstable trajectories.

10



The conditions outlined in LQ.1-LQ.3 are standard in optimal linear regulator literature and

are necessary for stable solutions in both discrete and continuous time-invariant problems.

LQ.1 can be interpreted as a condition on the concavity of the system, making sure that the

system is bounded above. Additionally, LQ.2 ensures that the value function V (x) does not

become infinitely negative by guaranteeing that it is possible to find a policy F that drives

the state x to zero.

Theorem 1 If the conditions outlined in LQ.1-LQ.3 are true, then the continuous-time

algebraic Riccati equation has a unique positive semi-definite solution P

For a proof of theorem 1 see Lewis (1986).

Now that we have examined both discrete and continuous-time linear-quadratic problems

and their solutions, we must compare the two and relate them to one another. In the following

section, we recast the discrete model so that it depends on discrete-time increments ∆ and

examining its convergence to the continuous-time problem as ∆→ 0.

2.2 Convergence of the Discrete Case to the Continuous Case

The discrete and continuous LQ problems outlined in the previous sections had different

Riccati equations because these systems have several differences that cause these equations

to evolve dissimilarly. In this section, we rewrite the discrete problem and demonstrate that

as time intervals become increasingly small, the discrete Riccati equation solution converges

to the continuous solution.

Theorem 2 The discrete-time system outlined in (1) and (2) can be transformed so that its

solutions converge to the continuous-time solutions outlined in (5) and (6).

To begin, we start with the typical continuous-time system given by equations (5) and (6).

To discretize this system, we rewrite (5) as a summation over time periods that increment
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over integers and an integral over individual time increments, ∆.

−E
∞∑
k=0

∫ ∆(k+1)

t=∆k

{e−ρt(x′tRxt + u′tQut)}dt = −E
∞∑
k=0

∫ ∆(k+1)

∆k

{e−ρtf(xt, ut, t)}dt (14)

For convenience the boundaries on the integral will be changed from (∆k,∆(k+1)) to (0,∆),

thus f(xt, ut, t) must be transformed to f(xt+s, ut+s, t + s) and integrated over ds. Using a

Taylor approximation, the function becomes,

f(x∆k+s, u∆k+s,∆k + s) =x′∆kRx∆k + u′∆kQu∆k + 2x′∆kR(x∆k+s − x∆k) + 2u′∆kQ(u∆k+s − u∆k)

+R(x∆k+s − x∆k)
2 +Q(u∆k+s − u∆k)

2.

This function can be further simplified since x∆k+s−xs = (Ax∆k+Bu∆k)s and u∆k+s−ut = u̇s

where u̇ is a smooth function that summarizes that change in u over an increment of time.

Using these substitutions only a few terms in the function will remain—as s2 ≈ 0 in the

continuous-time limit,

f(x∆k+s, u∆k+s,∆k + s) = x′∆kRx∆k + u′∆kQu∆k + 2x′∆kR(Ax∆k +Bu∆k)s+ 2u′∆kQu̇s

plugging this into (14) yields,

− E
∞∑
k=0

∫ ∆

s=0

e−ρ(∆k+s){x′∆kRx∆k + u′∆kQu∆k + 2x′∆kR(Ax∆k +Bu∆k)s+ 2u′∆kQu̇s}ds

Focusing on the inter integral,

∫ ∆

s=0

e−ρ(∆k+s){x′∆kRx∆k + u′∆kQu∆k + 2x∆kR(Ax∆k +Bu∆k)s+ 2u′∆kQu̇s}ds

= −1

ρ
e−ρ∆k[e−ρ∆ − 1](x′∆kRx∆k + u′∆kQu∆k).
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Plugging this result3 back into the main summation term and replacing k with t while setting

x̂t = x∆, ût = u∆, and ρ̂ = ρ∆ yields,

− E
∞∑
t=0

1

ρ̂
e−ρ̂t[1− e−ρ̂](x̂′tRx̂t + û′tQût)∆ (15)

to get this into the typical discrete LQ format, as in (1), β, R, and Q must be appropriately

transformed. The discount factor β becomes β(∆) = e−ρ̂, R is now R(∆) = 1
ρ
(1 − e−ρ̂)R,

and Q(∆) = 1
ρ
(1− e−ρ̂)Q.

Lastly, the equation for the evolution of the state variables must be transformed by

applying the Euler-Maruyama method to equation (6) yielding,

x∆(t+1) = (I + A∆)x∆t +B∆u∆t (16)

where I is an (n) identity matrix. Thus the transformed coefficients are A(∆) = (I+A∆) and

B(∆) = B∆. We have now built a discrete version of the model that now takes increments

of time ∆ into account. As ∆→ 0, this system becomes our continuous-time version of the

model, which will have a slightly different numeric solution than the discrete version of the

model due to continuous-time discounting methods and constantly evolving states. We turn

to demonstrate that, numerically, the discrete version of the model that utilizes time periods

∆ does converge to the continuous-time solutions as ∆ becomes increasingly small.

2.2.1 A Numerical Illustration

Now that we have shown all of the necessary variable transformations, we can examine the

convergence of the transformed discrete-time system to the continuous-time system. As

shown in figure 1 after decreasing ∆ from 1.0 to 0.001 the transformed discrete-time system

converges to the same solution as the continuous-time system.

3The term
∫∆

0
e−ρ(∆k+s){2x∆kR(Ax∆k +Bu∆k)s+ 2u′∆kQu̇s}ds goes to zero after implementing integra-

tion by parts and then using the power series expansion of e−ρ(∆), (1− ρ∆).
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Figure 1

Figure 1 displays the unique tie between the discrete-time LQ solutions and the continuous-

time version. Thus far, our analysis has focused on deterministic LQ problems. To applied

adaptive learning techniques properly, we need to add stochasticity to our problem; this is

our main focus in the following section.

3 A Model with Stochasticity

Thus far, the models explored were deterministic, meaning that our states evolved according

to a known process that did not involve randomness. We now recast our state variables so

that they evolve according to a stochastic process. Thus specific state values are impacted

by a random normally distributed shock each period. Furthermore we include interaction

terms between x and u, these are summarized by the (n × m) matrix W . Our stochastic

optimal linear regulator problem takes the following form,

V (x0) = max
u
− E

∫ ∞
t=0

e−ρt{x′tRxt + u′tQut + 2x′tWut}dt. (17)
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Where the state of the system, xt, evolves according to a continuous-time stochastic process

dxt = Axtdt+Butdt+ CdZt (18)

here dZt is the increment of the Wiener process4 and A is again assumed to be symmetric. As

before xt is a (n× 1) vector of state variables and ut is a (m× 1) vector of control variables.

The HJB for this problem can be found using the same approach implemented in section

2. In the stochastic case our HJB is,

ρV (x) = max
u
− x′Rx− u′Qu− 2x′Wu+

1

dt
E
(
Vx(x)dxt +

1

2
Vxx(x)(dxt)

2

)
. (19)

Note that unlike the HJB in (8), this HJB equation has an additional term that comes from

applying Itô’s lemma to the stochastic process for dxt (Dixit, 1992). This additional term

changes the proposed V (x) (Hansen and Sargent, 2013). When using the guess-and-verify

method for the stochastic problem our initial posit is,

V (x) = −x′Px− ξ

where P is a positive semi-definite matrix and ξ is a constant that does not depend on our

state or control variables. Substituting the proposed value function for V (x) in (19) yields,

ρx′Px+ ρξ = max
u
{x′Rx+ u′Qu+ 2x′Wu+ 2x′P (Ax+Bu) + P (CC ′)}. (20)

As before, our goal is to create a recursive solution method for finding the matrix P . To

accomplish this, we must eliminate u and x from equation (20). The policy function for u is

4The increment of the Wiener process can be approximated as dZt = εt
√
dt where εt ∼ N(0, 1). Thus,

E[dZt] = 0 and E[(dZt)
2] = dt
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almost the same as before; however, it now includes the interaction terms in W ,

u = −(Q′)−1(W + PB)′x = −Fx.

Using this policy function to remove u and x from (20) produces,

ρP = R + F ′QF − 2WF + 2A′P − 2PBF

ρξ = PCC ′.

Our continuous-time system of equations is similar to the discrete stochastic case discussed in

Hansen and Sargent (2013) in that the matrix C that multiplies the Wiener process dZt does

not impact P ; instead, it affects ρ. The matrix P is independent of the stochasticity in this

problem, a beneficial outcome since we can now solve the more complex stochastic problem

by finding the solution to the more simple deterministic version. Steady-state solutions for

this type of system can be found recursively like in section 2.1 using the following recursive

scheme,

Pi = −(2Ã′i)
−1(F̃ ′iQ

−1F̃i +R− 2WF̃i) (21)

ξi = ρ−1trace(Pi−1CC
′), (22)

where Ãi = (A− BF̃i − .5ρ) and F̃i = (Q′)−1(W + Pi−1B)′. These equations will provide a

positive semi-definite solution for the matrix P and a solution for the constant ξ as long as

the conditions outlined in LQ.1-LQ.3 hold.

3.1 Convergence in the Complex Case

Before moving on, it is worth noting that under transformations similar to those in section

2.2 a discrete version of this system converges to the continuous model we described in

the previous section. The necessary transformations are β becomes β(∆) = e−ρ̂, R is now
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R(∆) = 1
ρ
(1 − e−ρ̂)R, Q(∆) = 1

ρ
(1 − e−ρ̂)Q, W (∆) = 1

ρ
(1 − e−ρ̂)W , A(∆) = (I + A∆) and

B(∆) = B∆, and C(∆) = C
√

∆ where ρ̂ = ρ∆. To test convergence for this model, we used

the same univariate case as in section 2 with W = 1.0 and C = 1.0. The rate of convergence

for the matrix P in the complex case is similar to the rate of convergence in the simple case

considered earlier.

(a) (b)

Figure 2

In figure 2a the transformed discrete system’s value function, or P matrix, converges

to the continuous system’s value function, and in figure 2b the value function’s constant

term ξ converges to the continuous-time system’s constant. Figure 2 demonstrates that

even in the more complicated model, the discrete-time system’s solutions can limit to the

continuous-time solutions.

4 Learning Dynamics

The primary goal of this work is to capture an agent’s behavior under bounded rational-

ity in a basic continuous-time setting. To fulfill this objective, we need a continuous-time

updating rule to describe how agents take-in information and adaptive learning dynamics

define how agents’ choices and forecasts impact their future observations. In this section,

we outline both a continuous-time updating rule and adaptive learning dynamics. Modeling

the agent’s ability to update forecasts is done using a continuous-time analog to recursive
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least squares (RLS) (Lewis et al., 2007), we derive our version of continuous-time RLS using

the continuous-time Kalman filter. Adaptive learning dynamics used in this paper follow

shadow-price learning techniques from Evans and McGough (2018).

4.1 Continuous-Time Recursive Least Squares

Recursive algorithms are used to estimate parameters and states in a wide variety of models.

However, as stated in Ljung and Söderström (1983), “There is only one recursive iden-

tification method. It contains some design variables to be chosen by the user.” While this

statement is not valid for all models, we can use the same general algorithm for a wide variety

of linear regression and state-space models. This relationship between recursive algorithms

has been often noted for the Kalman filter and LQ problems as in Ljungqvist and Sargent

(2012); however, we explore this relationship with two other standard recursive algorithms

in economics—recursive least squares and the Kalman filter.

Connections between the Kalman filter and RLS are well understood in economics re-

search and have been cited in Branch and Evans (2006) and Sargent (1999). Exploiting the

likeness of these two algorithms, we derive the RLS algorithm from the Kalman filter. We

first explore the connection between the Kalman filter and RLS in discrete-time to better

understand their linkage before examining both these systems in continuous-time. Direct

connections between discrete and continuous-time recursive algorithms have been noted in

Ljung (1977) and Lewis et al. (2007). These relationships prove helpful when we turn to

examine continuous-time algorithms.

The recursive least squares algorithm used in adaptive learning literature is not more

conceptually complex than weighted least squares. We derive RLS as a simple weighted

least squares algorithm. The main difference between RLS and weight least squares is that

our RLS algorithm is designed to update and account for new information each period.

Instead of having our agent re-run their estimation scheme each period RLS has built-in

updating methods that take into account the agent’s original estimation and the updated
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information. As with most least squares methods our problem begins with a simple linear

regression,

yt = θ′xt + et

where et ∼ N(0, 1). Here our agent can estimate the model parameters, θ, by choosing an

estimator that minimizes the model’s errors. We select a generic least-squares method that

allows for the possibility of weights,

VN(θ) =
1

N

N∑
t=1

αt[yt − θ′xt]2 (23)

where N is the number of observations in the data and αt is a weighting vector that may

depend on time. The weighting vector αt is indirectly related to the gain sequence in adaptive

learning literature, it is one of two parameters that determines whether or not our system

has constant gain (all data points are evenly weighted) or decreasing gain (as more data is

accumulated the data are gradually given less weight). The optimal method of setting αt

depends on the variance of et. For simplicity we set αt = 1, i.e. we assume et ∼ N(0, 1).

Implementing this least-squares method we can derive a common form of RLS that uses

decreasing gain,

θ̂t = θ̂t−1 +
1

t
R−1
t xt[yt − θ̂′t−1xt],

Rt = Rt−1 +
1

t
[xtx

′
t −Rt−1]

This recursive algorithm estimates coefficients based on observations and estimates of the

second moment Rt. The avoid the matrix inversion in the system above we can instead use

Pt = (t ·Rt)
−1.

Pt = [P−1
t−1 + xtx

′
t]
−1

= Pt−1 −
Pt−1xtx

′
tPt−1

1 + x′tPt−1xt
.

19



Thus our system will become,

θ̂t = θ̂t−1 + Lt[yt − θ̂′txt], (24)

Lt =
Pt−1xt

1 + x′tPt−1xt
, (25)

Pt = Pt−1 −
Pt−1xtx

′
tPt−1

1 + x′tPt−1xt
. (26)

The method of deriving RLS examined thus far is not ideal. While it does intuitively

connect the least-squares framework to our agent’s recursive updating scheme, it is distant

from the behavioral perspective from which we want to examine forecasting. Re-approaching

this algorithm from a filtering viewpoint allows us to separate two key parts of developing

forecasts: one, how do individuals observe information, and two, how do they use this

information to develop forecasts.

Now, we re-derive recursive least squares using Kalman filter, a recursive algorithm used

for tracking unobservable states. Suppose we have the following state-space model,

Transition Equation: xt+1 = Atxt + wt, (27)

Measurement Equation: yt = θ′txt + et (28)

Where {wt} ∼ N(0, Rt) and {et} ∼ N(0, rt), rt and Rt may be defined as constants. The

Kalman filter is a valuable method for examining our agent’s behavior and beliefs via pa-

rameters rt and Rt. As previously mentioned, our agent can weigh observations one of two

ways, they can either give more weight to the first few observations and decrease weights

to data points observed at later dates or give all observations equal weighting. For the first

method, decreasing gain, we select Rt = 0 and rt = 1, meaning the agent believes there is

no noise behind the process for xt and the errors for equation (28) are from an i.i.d white

noise process. A constant gain system requires Rt = γ
1−γPt and rt = (1− γ) where γ ∈ (0, 1)

is our “constant.” Under constant gain, the agent believes their forecasts to be subject to
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some error and that the states they are trying to predict, xt, are stochastic. Under constant

gain, learning forecasts oscillate about equilibrium and are expected to respond to shocks in

all periods equally.

A general Kalman Filter, that allows for the possibility of either type of gain, can be

described by the following equations

xt+1 = Atxt +Kt[yt − θ′txt], (29)

Kt =
AtPtθ′t

rt + θtPtθ′t
, (30)

Pt+1 = AtPtA′t +Rt − AtPtθ′t[rt + θtPtθ′t]−1θtPtθ′t. (31)

Note the parallels between this and the system in (26). We can imagine these as the same

algorithm. If we re-imagine the state-space model we used to derive the recursive least

squares algorithm as,

Transition Equation: θt+1 = θt + νt (32)

Measurement Equation: yt = θ′txt + et (33)

where νt ∼ N(0, Rt) and et ∼ N(0, rt), the Kalman filter will become our RLS system from

(24)-(26) when Rt = 0 and rt = 1. This particular RLS system will have a decreasing

gain. The transition equation in (32) is now the transition equation for model parameters

θt instead of data xt, as shown in (32) the parameters in this setting are constant over time.

The measurement equation in (33) is essentially the same as the measurement equation in

(28); however, now there is uncertainty about the parameters θt as apposed to the data xt.

The decreasing gain Kalman filter for the system described in (32) and (33) yields,

θ̂t+1 = θ̂t +Kt[yt − x′tθt], (34)

Kt =
Ptxt

1 + x′tPtxt
, (35)
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Pt+1 = Pt − Ptxt[1 + x′tPtxt]−1x′tPt. (36)

As we can see this is equivalent to the system in (24)-(26) with Kt = Lt, decreasing gain

values for rt and Rt, and some modified timing conventions. Thus, we can see the connection

between the Kalman filter and RLS.

Constant gain RLS, which we did not derive earlier, is more easily defined from the

Kalman filter since it requires the agent to believe they are estimating a stochastic state.

For constant gain RLS our Kalman filter derivation method yields

θ̂t+1 = θ̂t +Kt[yt − x′tθt],

Kt =
Ptxt

(1− γ) + x′tPtxt
,

Pt+1 =
1

1− γ
Pt − Ptxt[(1− γ) + x′tPtxt]−1x′tPt.

While this RLS algorithm is very similar to the decreasing gain case, it will not generate the

same results, although both may converge to the same equilibrium.

For our purposes, we need a version of RLS that assumes measurements are continuous

functions of time. While not widely used, the continuous-time Kalman filter is commonly

implemented in some engineering and applied mathematics fields. A continuous-time ana-

log of RLS called the continuous-time recursive least squares filter does exist; however, as

discussed, we would like an approach that allows us to derive algorithms for decreasing and

constant gain.

In this section, we derive the continuous-time Kalman filter using methods from Lewis

et al. (2007). First, we modify (27)-(28) to depend on increments of time (∆) and recast our

state transition matrix,

xt+1 = (I + At∆)xt + wt

yt = θtxt + et
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here the covariance matrix for {wt} is Rt∆ and the covariance matrix for {et} is rt/∆. First,

we examine what happens to the Kalman gain in (30) as ∆→ 0. Our Kalman gain becomes,

Kt =
(I + At∆)Ptθ′t
(rt/∆) + θtPtθ′t

or

1

∆
Kt =

(I + At∆)Ptθ′t
rt + θtPtθ′t∆

and taking the limit of this as ∆→ 0 yields,

lim
∆→0

1

∆
Kt = Ptθ′tr−1

t . (37)

This is our continuous-time Kalman gain. Next, we examine (31),

Pt+∆ = (I + At∆)Pt(I + At∆)′ +Rt∆− (I + At∆)Ptθ′t[(rt/∆) + θtPtθ′t]−1θtPt(I + At∆)′.

Eliminating and terms and dividing by ∆ yields,

1

∆
Pt+∆ =

1

∆
Pt + AtPt + PtA′t +Rt − (I + At∆)Ptθ′t[rt + θtPtθ′t∆]−1θtPt(I + At∆)′.

Then, taking the limit as ∆→ 0,

lim
∆→0

1

∆

(
Pt+∆ − Pt

)
=
dPt
dt

= AtPt + PtA′t +Rt − Ptθ′t[rt]−1θtPt

this equation is our continuous-time covariance updating equation.

Last, we derive the estimate updating equation. In this setting (29) will become,

x̂t+∆ = (I + At∆)x̂t +Kt[yt − θtx̂t]

23



diving this by ∆ will give us,

1

∆
(x̂t+∆ − x̂t) = Atẑt +

Kt

∆
[yt − θtx̂t].

Now, we can take the limit as ∆→ 0 and use equation (37),

dx̂t
dt

= Atx̂t + Ptθ′tr−1
t [yt − θ′tx̂t]

this will be our systems estimate updating equation.

Thus our continuous-time Kalman filter for the system can be described by the following

equations.

dPt
dt

= θ′tPt + PtA′t +Rt − Ptθ′tr−1
t θ′tPt

K = Pθ′tr−1
t

dx̂t
dt

= Atx̂t +K[yt − θ′tx̂t]

Our corresponding transition and measurement equations for this filter are

dxt
dt

= Axt + wt

yt = θ′xt + vt

Here wt and vt are error terms and w ∼ N(0, Rt) and v ∼ N(0, rt).

Since we have established how to derive the continuous-time Kalman filter and the

Kalman filter’s connections to recursive least squares, we exploit these connections to create

a continuous version of RLS. We can rewrite our state-space model in (32)-(33) as,

dθt
dt

= νt

yt = θ′txt + et
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Now, νt ∼ N(0, Rt) and variance for et is rt, our RLS system will be

dPt
dt

= −Ptx′tr−1
t xtPt +Rt (38)

K = Ptx′tr−1
t (39)

dθ̂t
dt

= K[yt − θ̂′txt]. (40)

The constant gain version of the algorithm used later on this paper can be represented as

dPt
dt

=
1

1− γ
(−Ptx′txtPt + γPt)

K =
1

1− γ
Ptx′t

dθ̂t
dt

= K[yt − θ̂′txt].

For the decreasing gain version of the algorithm simply use rt = 1 and Rt = 0 in equations

(38)-(40). A more direct definition of continuous-time RLS that stems from discrete RLS is

included in the appendix.

We now have a continuous-time updating rule that will govern how our agents take

in information and updater their estimates of key model parameters. To complete our

adaptive learning model, we need one more item, adaptive learning dynamics, that reflect

how an agent’s estimates and perceptions impact the economy and the future states the

agent observes. Our approach to modeling these dynamics is shadow-price learning. In the

following section, we expand upon what shadow-price learning means and define our adaptive

learning model.

4.2 Adaptive Learning Rules in Continuous-Time

Before we can start analyzing and implementing adaptive learning in basic macroeconomic

models, we need to develop our actual learning dynamics. Thus far, we have created a rich
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environment that will facilitate learning and an updating algorithm that will allow our agent

to utilize the information they obtain; however, we still need to connect the agent’s forecasts

and choices to their impact on the agent’s perceptions of the future. First, we review the

continuous-time LQ problem described in section 3. Our agent seeks to maximize the value

of a quadratic objective function by selecting a sequence of optimal choices ut.

V (x0) = max
u
− E

∫ ∞
t=0

e−ρt{x′tRxt + u′tQut + 2x′tWut}dt.

Where the state of the system, xt, evolves according to a continuous-time stochastic process

dxt = Axtdt+Butdt+ CdZt

In the adaptive learning model agents gain information about a data generating process for

xt and use this information to update their predictions of parameters and optimal choices in

turn their decisions will impact the states that they observe. Agent’s modify their optimal

choices in this setting using shadow-price parameters, in economics these parameters function

as future prices for objects that may not traditionally have prices—i.e. capital or investment.

The agent will update their estimates of the system’s transition matrix, A, and the shadow

price parameters which we will denote as H (H = −2P ) using the continuous analog of

recursive least squares. Estimated values of A and H will then impact the agent’s policy

decision and the shadow prices they observe next period. Our use of H impacts our policy

function, changing it to

u = −1

2
(Q′)−1(2W −HB)′x = −F SP (H,B)x. (41)

To differentiate between this version of the continuous-time policy function and the version

define earlier we label the shadow-price version, F SP , and specify that it is a function of

shadow-prices, H.
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Before delving into the adaptive learning model and the specifics of our adaptive learning

dynamics, we preview the interactions between our LQ model, continuous-time RLS, and the

adaptive learning methodology, and we develop later in this section. Below is our adaptive

learning algorithm that determines our model outcomes, please note that we have formatted

the learning algorithm in terms of changes in levels as opposed to time derivatives to more

closely fit the formatting of stochastic processes in macroeconomic literature.

dxt = Axtdt+Butdt+ CdZt

dPt =
1

1− γt
(γtPt − Ptxtx′tPt)dt

dH ′t =
1

1− γt
Ptxt(λt −Htxt)

′dt

dA′t =
1

1− γt
Ptxt(dxt −Butdt− Atxtdt)′ (42)

ut = −F SP (Ht, B)xt = −1

2
(Q′)−1(2W −H ′tB)′xt

λt = T SP (Ht, At, B)xt

γt = κ(t+N)−ν .

Here Pt is the covariance matrix for xt and γt is the gain sequence that measures the response

of estimates to forecast errors. For simplicity, we assume that the gain is constant—ν = 0

and κ = 0.01. Additionally, F SP (Ht, B) is the policy under shadow price learning and

T SP (Ht, At, B) is the T-map—a link between agent’s perception and the actual system, we

will describe both functions as well as the link between H and P in the following section.

4.2.1 Continuous-time Policies and the T-map

Previously we focused on solving optimal linear regulator problems using recursive methods,

meaning that given an approximation to the solution Vk(x) a new approximation Vk+1(x) can

be obtained. Note that here k is not a measure of time but an index representing iterations.

This approach conveniently lends itself to learning algorithms as the first approximation
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Vk(x) can be viewed as the perceived value function, using Vk(x) one can then compute

the induced value function Vk+1(x). For the following derivation we utilize P to represent

the perceived value function matrix and V P (x) to represent the induced value function that

results from the agent’s initial estimation of P

ρV P (x) = max
u
{−x′Rx− u′Qu− 2x′Wu− 2x′P (Ax+Bu)− P (CC ′)} (43)

Agent’s need to select u in order to solve the value function problem in (43). The unique

optimal control decision for perceptions P is given by,

u = −F (P )x = −(Q′)−1(W + PB)′x.

We first examine the deterministic case for this problem, where C = 0. Recall from earlier

that the solution for our deterministic problem yields the solution for the stochastic case.

In this setting, the induced value function is defined as V P (x) = −x′T (P )x, T (P ) is a

function that maps the agent’s perception or initial estimate of P to the resulting updated

value function V P (x). The mapping function T (P ), more formally called the T-map, for this

problem is

T (P ) = (2Ã′)−1(F ′Q−1F +R− 2WF ) (44)

here Ã = A− 1
2
Iρ−BF . Note the right-hand-side of T (P ) is similar to the Riccati equation

(21). Based on it’s similarity to the Riccati equation and the underlying iterative solution

methods we can conclude that the fixed point of this T-map identifies the solution to the

agent’s optimal control problem. In the stochastic case where C 6= 0 our T-map is given by,

T ε(P̃ ) = P̃ − ρ−1trace(P̃CC ′)

where T (P̃ ) = P̃ . Optimally decision making in this setting is determined by the fixed pint

of T ε(P ∗ε ), P ∗ε . The fixed point of the stochastic system is directly related to the solution for
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the deterministic case, P ∗, by the following equation

P ∗ε = P ∗ − ρ−1trace(P ∗CC ′).

Thus, the solution to the deterministic problem yields the solution to the stochastic problem.

This aligns with the rational expectations problems discussed earlier in this work.

4.3 Shadow Price Learning

The learning dynamics outlined thus far have made strong assumptions about the agent’s

knowledge of the value function. In the problem outlined in (43), an agent understands that

the value function is quadratic in x, knows how to solve for the matrix P by iterating on

the Riccati equation, and knows parameters A and B. In the following section, we modify

these assumptions. As opposed to assuming the agent knows A and B, we assume that the

agent does know B, indicating they understand how their control decisions impact the state.

However, the agent is not assumed to know the parameters of the state-contingent transition

dynamics. Meaning they must estimate A. Additionally, the agent in the following problem

is not assumed to know how to solve the programming problem. Instead, they use a simple

forecasting model to estimate the value of the state tomorrow—the shadow price of the state.

The agent then uses this estimate and an estimate of the transition equation to determine

the best control response for today.

We now outline a learning framework in which the agent forms expectations of future

shadow prices. The boundedly optimal behavior modeled in this section is shadowing price

learning or SP-learning (Evans and McGough, 2018). Under SP-learning, the agent believes

that the shadow price, λ, is linear in x. Thus they can forecast the shadow price as,

λt = Hxt + µt (45)

where µt is some error term. Using this perceived law of motion (PLM), we can create a
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T-map for the agent’s perceptions using our HJB equation. we first estimate that,

E[Vx(x)] = λe = Hx

where λe is the updated estimate of λ. Plugging this into the HJB for our stochastic LQ

problem we get,

ρV (x) = max
u
{−x′Rx− u′Qu− 2x′Wu+ (Hx)′(Ax+Bu) +

1

2
(H ′CC ′)}.

In this new setting our policy function will depend on H and B,

u = −1

2
(Q−1)′(2W −H ′B)′x = −F SP (H,B)x (46)

this is the same policy function mentioned earlier in this section. Next, to get the mapping

from the PLM to the actual law of motion (ALM) we use the envelope condition,

ρVx(x) = ρλe = −2x′R− 2u′W + 2x′A′H + u′B′H. (47)

We can rewrite (47) to clearly define expected shadow-prices λe,

λe =ρ−1{−2x′R− 2u′W + 2x′A′H + u′B′H}

or

λe = T SP (H,A,B)x (48)

= ρ−1
(
− 2R + 2H ′A− (H ′B − 2W )F SP (H,B)

)
x.

This is the T-map we use to model the agent’s boundedly rational behavior. The fixed

points of this mapping correspond to equilibrium values of shadow-prices, H. In terms of
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the shadow-price learning algorithm, the T-map provides feedback for the agent’s choices

and allows them to update to more optimal choices as they gain experience and information.

4.3.1 Stability of shadow-price learning dynamics

The stability of the T-map is essential to learning dynamics. If the fixed points of our T-map

are not stable, it is possible that our agent will not reach an equilibrium or that they will

deviate from the desired rational expectations equilibrium. The following conjecture provides

conditions that should insure T-map stability in both the discrete and continuous-time cases,

Conjecture 1 Assuming that LQ.1-LQ.3 hold, there exists an n × n solution P ∗ to the

Riccati equation given any symmetric positive definite initial matrix P0 (Evans and McGough,

2018). Therefore Tm(P0)→ P ∗ as m→∞ and

1. T (P ∗) = P ∗—the solution P ∗ is a fixed point of the T-map.

2. DTv(vec(P ∗)) is stable—has eigenvalues less than one.

3. P ∗ is the unique fixed point of T among the class of n × n, symmetric positive semi-

definite matrices.

Thus, if the Riccati equation has asymptotically stable solutions, the T-map for the system is

stable. Conjecture 1 is proved to be true in the discrete-time setting in Evans and McGough

(2018). Based on numerical and analytical results, it is conjectured to hold true in the

continuous-time setting as well.

Next, we will examine the solutions and stability of the learning system using A = 0.0,

R = Q = B = 1.0, W = C = 0, and ρ = 0.05. Our T-map (48) can be rewritten as a function

of H using these values. This function T (H) has two fixed points. One at H̃ ≈ 2.880 and a

second solution at H∗ ≈ −2.778. This second solution is consistent with the solutions for P

from both the continuous iterative scheme and the icare function since H = −2P . Directly

comparing the solution for P from the iterative schemes and −1
2
H∗ there is a difference of

2.220× 10−16.
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The solutionH∗ is stable, based on stability conditions for the Riccati and the T-map. For

the continuous-time Riccati equation to be stable, A+BF SP (H∗, B) must have eigenvalues

with real parts less than one, and our T-map must satisfy the condition thatDT SP (H∗, At, B)

has eigenvalues with real parts less than one. H∗ meets these stability conditions as,

A+BF SP (H∗, B) = −0.975, DT SP (H∗, A,B) = −39.012.

However, the unstable solution H̃ does not meet these criteria as

A+BF SP (H̃, B) = 1.025, DT SP (H̃, A,B) = 41.012.

Figure 3: T-map

Now that we have examined adaptive learning dynamics and derived a continuous-time

version of RLS, we can examine the convergence of the learning algorithm outlined in (42).

4.3.2 Continuous-Time Learning Results

Using the learning dynamics we have already developed, we examine how the agent in the

univariate learning model estimates the shadow-price parameter H. As shown below in

figure 4, when using an approximation of the length of the time increment (dt ≈ 0.01)

and constant gain (γ = 0.01) the method outlined in (42) will converge to the rational
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expectations equilibrium.

Figure 4: Univariate Continuous-Time SP-Learning

Though our result is simple, it is encouraging that our adaptive learning displays con-

vergence to rational expectations equilibrium. One would expect and hope that a simple

stochastic model would display the behavior exhibited in 4.

For better reference, we compare our results to a discrete-time system where an agent’s

bounded rational behavior can be modeled by the following equations (Evans and McGough,

2018),

xt = Axt−1 +But−1dt+ Cεt

Rt = Rt−1 + γt(xtx
′
t −Rt−1)

H ′t = Ht−1 + γtR−1
t−1xt−1(λt−1 −Ht−1xt−1)′

A′t = At−1 + γtR−1
t−1xt−1(xt −But−1 − At−1xt−1)′ (49)

ut = −F SPD(Ht, At, B)xt

= (2Q− βB′HB)−1(βB′HAt − 2W ′)xt

λt = T SPD(Ht, At, B)xt

=
(
− 2R− 2WF SPD(Ht, At, B) + βA′tH

(
At +BF SPD(Ht, At, B)

))
xt
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γt = κ(t+N)−ν .

Here (t·Rt)
−1 = Pt, this does impact the model besides requiring the use of matrix inversion.

Using the equivalent parameter values from our univariate continuous-time case this system

has comparable convergence results,

Figure 5

both models convergence to rational expectations equilibria; however, by construction

the continuous-time case updates more frequently and experiences more rapid changes over

time. In an economic model, this could lead to second-moments varying between continuous

and discrete models, depending on the setting and how the models are calibrated. This could

lead to better-fitting second moments from our continuous-time model.

Our results thus far are encouraging. In the simplest case, our continuous-time learning

algorithm converges to rational expectations equilibrium and performs comparably to a well-

tested discrete-time algorithm. In advance of moving to a more complicated and economically

motivated LQ problem, we exploit our simple univariate test case to inspect whether our

discrete learning algorithm can converge to continuous-time rational expectation equilibrium.
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4.3.3 Convergence in the Context of Learning

In section 3, we showed that our discrete-time system’s solution for the value function matrix

P can converge to the continuous-time solution under certain transformations. Similarly, we

will show that the discrete learning rule outlined in equation (49) with γt = (0.01)∆ converges

to the continuous-time expected shadow price parameter when ∆ is sufficiently small.

Figure 6 shows how the discrete learning rule responds under the transformations in

section 3 with select values of ∆.5

Figure 6

In figure 6 the modified discrete learning rule gradually gets closer to the continuous-time

rational expectations solution as ∆ gets increasingly small.

5 A Robinson Crusoe Economy

Now that we have developed the modeling framework for continuous-time LQ problems and

examined basic learning rules in this setting, we can examine a slightly more involved model.

5The learning iterations in figure 6 have been re-scaled for easier representation. Each iteration is equiva-
lent to a discrete time period t = 1, 2, . . . 10, 000 that contains ∆−1 observations. Meaning that for ∆ = 1/4
this graph is displaying the results from 40, 000 iterations
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We begin with a simple Robinson Crusoe economy as in, Evans and McGough (2018). The

representative agent in this model maximizes a quadratic objective function that depends

on their consumption decisions, preferences, and resources

max
ct
− E

∫ ∞
t=0

e−ρt
(
(ct − bt)2 + φl2t

)
(50)

where the economy is subject to,

yt = A1st

dst = (yt − ct − st)dt+ dZt

st = lt (51)

bt = b∗

as before dZt is the increment of the Wiener process. The model we have outlined in (50) and

(51) is a version of the discrete Robinson Crusoe (RC) model used in Evans and McGough

(2018).

The agent in our setting has only one consumable good, fruit, and only one means of

production, growing trees from seeds of the fruit. Thus, income yt can be thought of as fruit,

and consumption ct as consumption of that fruit and its seeds. The production of the fruit

comes from planting seeds, st. The change in the number of seeds over time depends on

growing conditions—represented by the increment of the Wiener process dZt—and leftovers

from consumption. In this one-person economy, work is burdensome and causes disutility

for the worker (φ > 0). Lastly, bt is a bliss point represented by the constant b∗.

We have simplified this model to maintain similarities between a continuous and discrete

case. For instance, we do not have a possible time lag in production—in this model, young

trees and old trees produce the same amount. Additionally, the bliss point is non-stochastic,

and there are no productivity shocks; instead, production only depends on the availability
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of seeds.

To analyze this model in our LQ environment, we need to transform this system into the

format from (17) and (18). We set our state vector as xt = (1, st)
′ and the vector of control

variables to be ut = ct. Our states evolve according to,

dxt = Axtdt+Butdt+ CdZt.

The matrices A, B, and C are defined as

A =

0 0

0 A1 − 1

 , B =

 0

−1

 , C =

0

1

 .
The final objects necessary for transforming our RC model into an easy to analyze LQ

problem are the R, Q, and W matrices. Given the already quadratic nature of the agent’s

objective function we can find via inspection that,

R =

b∗2 0

0 φ

 , Q = 1.0, W =

−b∗
0

 .
Using these matrices and parameter values we can now calculate the rational expectations

equilibrium for this system and implement our adaptive learning model.

5.1 Learning in the Continuous RC Model

In this setting, it is likely that our agent does not know the parameters of the production

function, or the value of an additional tree tomorrow. However, the agent can use the system

outlined in (42) to forecast these unknown values. As the agent gains more information they

can update their parameter estimates using (42); the matrices B, C, R, Q, and W ; and

initial values for At, Ht, Pt, and λt.

Under the learning rules described in (42), the agent learns parameters for the matrix H
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and the matrix A (in this case, both are a 2 × 2 matrix). To generate data for this model,

an approximation for dt was necessary. For the following results, we used dt ≈ ∆ = 1/100.

Additionally, we used a constant gain term where κ = 0.01, and ν = 0.

Figure 7: Expected Shadow-Price Parameters, The Continuous Case

As shown in figure 7, an agent with boundedly rational behavior modeled by (42) will

be able to generate an accurate estimate of the steady-state shadow price parameters. In

figure 7 we plot 10, 000 discrete time periods, in the continuous-time case with dt = 0.01

this means we have included 1, 000, 000 learning iterations or updates of the shadow-price

parameters.

5.2 Learning in the Discrete RC Model

A discrete version of this model with, as outlined in Evans and McGough (2018), converges

similarly with the same constant gain parameter. Below we have plotted 10, 000 discrete

periods to make it easy to compare the convergence of this system to the continuous system

in section 5.1.
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Figure 8: Expected Shadow-Price Parameters, The Discrete Case

The agent in our discrete-time shadow-price learning model displays similar behavior to

our continuous-time agent. Both agents converge to rational expectations equilibrium, and

both estimations oscillate about their respective equilibrium. One interesting outcome in

this model is that the continuous-time shadow-price value corresponding to our constant

converges more quickly in our continuous-time model. Additionally, analysis on continuous-

time learning techniques may provide insight into why this occurs; however, there is no

intuitive explanation.

6 Conclusion

As continuous-time macroeconomic literature expands, it is necessary to modify and re-

evaluate discrete modeling techniques in this framework. Adaptive learning mechanisms are

particularly essential to modify as they relax the strong assumption of rational expectations—

the belief that agents forecast optimally. The shadow-price learning technique outlined in

the previous sections goes beyond easing rational expectations, as it also examines the opti-

mality of an agent’s decisions as they optimize according to their forecasts. Since agents in

this setting use available information to forecast their shadow-prices and then make control
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decisions based on their forecasts (Evans and McGough, 2018).

It was beneficial to develop a continuous-time linear-quadratic framework for macroe-

conomic models to implement shadow price learning in a continuous-time environment

efficiently. Other disciplines, such as engineering, frequently use continuous-time linear

quadratic methods (Vrabie et al., 2009; Lewis, 1986). However, very few examples of eco-

nomic models in this framework exist (Hansen and Sargent, 1991). After building this general

framework, we examined convergence results and equilibrium stability in this class of models.

Within this continuous-time LQ framework, we implemented a continuous analog to

recursive least squares and analyzed a continuous-time T-map. This system yielded results

that suggest an agent can learn to optimize decisions in both simple univariate cases and

with more sophisticated models. This paper serves as a basic template for continuous-time

shadow-price learning. Our main result is simply that shadow-price learning can be done in

continuous-time through the framework we have defined.

The basic tools provided in this chapter lay the groundwork for many potential appli-

cations and explorations of adaptive learning methods in continuous-time macroeconomic

models. Our RLS algorithm creates a baseline for updating rules in a continuous-time set-

ting, which is necessary for nearly all learning models. The continuous-time LQ framework

implemented in this chapter is restrictive since most macroeconomic models are not linear-

quadratic. However, our LQ setting provides a basis from which a well-sized class of models

can be explored and allows us to begin exploring the underlying dynamics and differences

that occur in continuous-time settings.
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A Algebraic Riccati Equation Solutions

To verify the convergence of (4), (12), and (13) a simple univariate system was tested. In

this test case, A = 0, B = 1, R = 2, Q = 1, β = .95, and ρ = − ln β (for consistency between

the continuous and discrete discount rates). Below, is a table comparing the results of the

iterative methods to output from MATLAB’s built-in functions for solving AREs, icare for

continuous systems and idare for discrete ones.

Solution Comparisons

Iterative Scheme Iterative Solution MATLAB Solution Difference

Equation (4) 2.0000 2.0004 4.1670e-04

Equation (12) 1.3887 1.3894 6.3507e-04

Equation (13) 1.3887 1.3894 6.3507e-04

Table 1: Iterative Scheme Results

As table 1 shows the results from the iterative schemes are fairly close to the standard

MATLAB solutions.6 Additionally, (12) and (13) output identical solutions in our simple

case and should be able to be used interchangeably.

B OLRP with Fewer Symmetry Assumptions

Here we outline a continuous-time optimal linear regulator problem without symmetry as-

sumptions. In this section we revisit the continuous-time problem in section 3 and relax the

assumption that the matrix A is symmetric. In this setting the an agent faces the following

optimization problem,

V (x0) = max−E
∫ ∞
t=0

e−ρt{x′tRxt + u′tQut + 2x′tWut}dt. (52)

6The iterative solutions were found using julia not MATLAB. This may contribute to the difference
between the iterative solutions and MATLAB functions as julia and MATLAB round differently.
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Where the state of the system, xt, evolves according to,

dxt = Axtdt+Butdt+ CdWt (53)

here dWt is the increment of the Wiener process. The HJB for this problem can be found

similarly to (8). For this system, the HJB will be,

ρV (x) = max
u
− x′Rx− u′Qu− 2x′Wu+ E

(
Vx(x)ẋ+

1

2
Vxx(x)ẋ2

)
. (54)

In this setting the value function takes the form (Hansen and Sargent, 2013),

V (x) = −x′Px− ξ

where ξ does not depend on the state or control variables. Plugging the proposed value

function into (54) yields,

ρx′Px+ ρξ = x′Rx+ u′Qu+ 2x′Wu+ x′P (Ax+Bu)(Ax+Bu)′Px+ P (CC ′). (55)

This yields the following policy for u,

u = −(Q′)−1(W + PB)′x = −Fx. (56)

Now, plugging this policy into (55) and rewriting the result in a general form produces,

ρP = R + F ′QF − 2WF + PA+ A′P − PBF − F ′B′P (57)

ρξ = PCC ′. (58)

This is similar to the discrete stochastic case discussed in Hansen and Sargent (2013). The

steady-state solution for this system can be found similarly to the system in section 2.1 using
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the following iterative scheme

Pi = −(In ⊗ Ã′ + Ã′ ⊗ In)−1vec(F̃ ′iQ
−1F̃i +R− 2WF̃i)

ξi = ρ−1trace(Pi−1CC
′),

where Ãi = (A−BF̃i − .5ρ) and F̃i = (Q′)−1(W + Pi−1B)′.

C An Additional Derivation of Continuous-Time RLS

We can also derive RLS more rigorously starting from a discretized version of the model.

The discretized version of our model with an undetermined time step ∆ is,

θt+∆ = θt

yt = θ′txt + et

Where, the covariance matrix for et ∼ N(0, 1
∆

) as in Lewis et al. (2007). First, we can

examine the gain term in (25). Writing (25) in this setting we’ll have,

Lt = Pt−∆xt[(1/∆) + xtPt−∆x
′
t]
−1

= Pt−∆xt∆[1 + xtPt−∆x
′
t∆]−1.

Dividing through by ∆ and then taking the limit as ∆→ 0 we get,

K = lim
∆→0

1

∆
Lt = Ptxt (59)

Next, if we look at (26) we can rewrite this equation as,

Pt − Pt−∆ = −Pt−∆xtx
′
tPt−∆[(1/∆) + xtPt−∆x

′
t]
−1

= −Pt−∆xtx
′
tPt−∆∆[1 + xtPt−∆x

′
t∆]−1.
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Dividing through by ∆ and taking the limit as ∆→ 0,

dPt
dt

= −Ptxtx′tPt = −Kx′tPt. (60)

Last, we can derive the continuous-time estimate updating equation (24). Rewriting this

equation and diving through by ∆ yields,

1

∆

(
θ̂t − θ̂t−∆

)
=

1

∆
Lt[yt − θ̂′t−∆xt].

Limiting this as ∆→ 0 we get,

dθ̂t
dt

= K[yt − θ̂′txt]. (61)

These equations we have just derived are the same as the Kalman filter equations in (38)-

(40).
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